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Abstract
The main results in this paper give: (1) a characterization for when there exist infinitely many
homogeneous prime ideals p between two given homogeneous prime ideals P ⊂ Q such that
ht(Q/P ) = 2 in a Z-graded Noetherian ring; and (2) a characterization of when a given homoge-
neous prime ideal Q in an arbitrary Noetherian Rees ring contains infinitely many homogeneous
prime ideals p such that ht(p)= ht(Q)− 1.
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1. Introduction
All rings in this paper are assumed to be commutative with identity 1 = 0, and they will
usually also be Noetherian. All graded rings are Z-graded.
Graded rings have played an important auxiliary role in many research problems in
commutative algebra, and they are an interesting topic in their own right, so many results
are known about such rings.
In this paper we prove two additional theorems about such rings. The first theorem
characterizes when there exist infinitely many homogeneous prime ideals between two
given homogeneous prime ideals P ⊂ Q such that ht(Q/P) = 2. The second considers
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ht(Q)− 1; but for this result we restrict attention to Rees rings.
A brief summary of this paper will now be given.
After giving some needed definitions and preliminary results in Section 2, we show in
Section 3 that if P ⊂Q are homogeneous prime ideals in a graded Noetherian ring A such
that ht(Q/P) = 2, then there exist infinitely many homogeneous prime ideals between P
and Q if and only if there exist homogeneous elements α,β in Q of the same homogeneous
parity (that is, both of positive degree, or negative degree, or zero degree) such that Q is a
minimal prime divisor of (P,α,β)A.
In Section 4 we characterize when, for a given homogeneous prime ideal Q in the Rees
ring of a Noetherian ring R with respect to an ideal I in R, there exist infinitely many
homogeneous prime ideals P ⊂ Q such that ht(Q) = ht(P ) + 1. The most surprising
exceptional case is when (R,M) is a local domain of altitude two and I is an ideal of
analytic spread one; in this case (u,M, tI)R[u, tI ] is a height-three homogeneous prime
ideal that contains only finitely many height-two homogeneous prime ideals.
2. Preliminaries on Rees rings
In this section we give several definitions which will be used throughout, and a lemma
(Lemma 2.3) which will be used in the proof of the main result (Theorem 4.8) of
Section 4. The homogeneous prime spectrum of a graded ring A is denoted by HSpec(A),
so HSpec(A)= {p ∈ Spec(A) | p is homogeneous}.
Definition 2.1. Let R be a ring.
(2.1.1) A filtration f = {Ii}i0 on R is a sequence of ideals Ii of R such that:
(a) I0 =R;
(b) Ii ⊇ Ii+1 for all nonnegative integers i; and
(c) IiIj ⊆ Ii+j for all nonnegative integers i, j .
(2.1.2) f is an e.p.f. (essentially powers filtration) in case f is a filtration on R and there
exists a positive integer k such that Ii =∑kj=1 Ii−j Ij for all positive integers i , where
Ij =R if j  0.
(2.1.3) If f = {Ii}i0 is a filtration on R and n is a positive integer, then f [n] denotes the
filtration {Ini}i0.
(2.1.4) The Rees ring of R with respect to a filtration f = {Ii}i0 on R is the graded
subring R(R,f ) = R[u, tI1, t2I2, . . .] of R[u, t], where t is an indeterminate and
u= 1/t .
Remark 2.2.
(2.2.1) Concerning (2.1.2), it is shown in [R5, (2.4.3)] that f is an e.p.f. if and only if
there exists a positive integer m such that Im+i = ImIi for all integers i m. And it is
shown in [R5, (2.7)] that if R is Noetherian, then f is an e.p.f. if and only if R(R,f )
is Noetherian if and only if R(R,f ) is finitely generated over R.
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and only if there exists a positive integer k such that, for each positive integer i ,
Ii = ∑ I1e1 · · · Ikek , where the sum is over all nonnegative integers ei such that
e1+2e2+· · ·+kek = i , by [Bi, (2.17), p. 26]. Also, if f is an e.p.f., then there exists a
positive integer h such that Ihi = Ihi for all positive integers i , by [Bi, Corollary 2.21].
(2.2.3) Concerning (2.1.4), each element in R = R(R,f ) can be written in the form∑n
j=−m rj tj , where rj ∈ Ij and m and n are nonnegative integers. Also, u is a regular
element in R and uiR∩R = Ii for all positive integers i .
The following result will be used in the proofs of Propositions 4.4, 4.6, and Theorem 4.8.
Lemma 2.3. Let f be an e.p.f. on a Noetherian ring R and let n be a positive integer.
Then there exists an isomorphism between HSpec(R(R,f )) and HSpec(R(R,f [n])) that
preserves height and depth.
Proof. Let A = R(R,f [n]), B = R(R,f ), and C = R[un, tnf [n]]. Then the map∑n
i=−m ri t i →
∑n
i=−m ri tni from A to C is clearly an R-isomorphism, so HSpec(A) ∼=
HSpec(C), and it is readily checked that this isomorphism preserves the height and the
depth of prime ideals. Therefore it suffices to show that P → P ∩ C is an isomorphism
from HSpec(B) to HSpec(C) that preserves height and depth.
Since C is a graded subring of B, it follows that B is generated by homogeneous
elements over C, and hn ∈ C for each homogeneous element h in B, so it follows that
B is integral over C.
Also, if P ∈ HSpec(B), then p = P ∩C ∈ HSpec(C); for if β1, . . . , βn are homogeneous
generators of P , then β1n, . . . , βhn ∈ C and it follows that p is a minimal prime divisor of
the homogeneous ideal (β1n, . . . , βhn)C, and thus p ∈HSpec(C). Therefore by the Lying-
Over theorem we have a surjective map P → p = P ∩ C from HSpec(B) to HSpec(C).
This map is one-to-one, since if P ′ is another prime ideal in B that lies over p and β is a
homogeneous element in P , then βn ∈ P ∩ C = p = P ′ ∩ C ⊆ P ′, so β ∈ P ′. Since P is
homogeneous, it follows that P ⊆ P ′, hence P ′ = P (by integral dependence).
Since B/P is integral over C/p, depth(P ) = depth(p), and since P is the only prime
ideal in B that lies over p, it follows that ht(p)= ht(P ) (since BP = BC−p contains and is
integral over Cp). ✷
Remark 2.4. Note that Lemma 2.3 shows that the homogeneous prime spectrum of the
Rees ring of R with respect to an e.p.f. f = {Ii}i0 is (isomorphic to) the homogeneous
prime spectrum of the Rees ring of R with respect to the ideal Ih (where h is a positive
integer such that Ihi = Ihi for all positive integers i (see (2.2.2)).
The following facts concerning Rees rings will be needed in (3.12.2) and in the proof
of Theorem 4.8.
Remark 2.5. Let I be an ideal in a Noetherian ring R and let R = R(R, I) = R[u, tI ].
Then the following hold:
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ideal in R such that ht(J ∗) = ht(J ) and J ∗: uR = J ∗. Also, J ∗ is a homogeneous
prime (respectively a homogeneous p∗-primary) ideal if and only if J is prime
(respectively p-primary). Moreover, tI ⊆ J ∗ if and only if I ⊆ J , and then J ∗ =
(J, tI )R. In particular, I∗ = (I, tI )R = tIR.
(2.5.2) If p is a prime ideal in R, then R(Rp, IRp) ∼= RR−p . Also, if R ⊆ Rp , then
R is a graded subring of R(Rp, IRp). Therefore: if H is a homogeneous ideal in
R(Rp, IRp), then H ∩ R is a homogeneous ideal such that ht(H ∩ R) = ht(H)
and H ∩ R is prime (respectively P ∩ R-primary) if and only if H is prime
(respectively P -primary); and if H is a homogeneous ideal in R, then HR(Rp, IRp)
is a homogeneous ideal such that ht(HR(Rp, IRp))  ht(H) and HR(Rp, IRp) is
prime (respectively PR(Rp, IRp)-primary) if and only if H is prime (respectively
P -primary) and H ∩R ⊆ p.
(2.5.3) If R is local with maximal ideal M , then M = (u,M, tI)R is the unique maximal
homogeneous ideal in R and ht(M)= ht(M)+1= altitude(R) (by [R2, Remark 3.7]).
Also, every relevant ideal is contained in a maximal relevant prime ideal, and N =
(u,M)R is contained in every maximal relevant prime ideal, by [Re2, Theorem 2.1].
(Recall that a homogeneous prime ideal P in R(R, I) is said to be relevant in case
tI  P (see [R2, Theorem 2.1]). We will say that P is irrelevant in case P is a
homogeneous prime ideal that is not relevant; that is, in case P is homogeneous and
tI ⊆ P .)
(2.5.4) If P is a homogeneous prime ideal in R, then either:
(a) u /∈ P , and then P = (P ∩R)R[u, t] ∩R, so ht(P )= ht(P ∩R); or
(b) u ∈ P , and then I ⊆ p = P ∩ R and (u,p)R ⊆ P ⊆ (u,p∗)R = (u,p, tI )R
(and if tI ⊆ P , then P = (u,p, tI )R and ht(P ) = ht(p) + 1 (by (2.5.3), since
RR−p ∼= R(Rp, IRp), by (2.5.2))).
(2.5.5) [Re1, Lemma 1.1]. If J is an ideal in R, then R/J ∗ ∼=R(R/J, (I + J )/J ).
3. On infinitely many homogeneous prime ideals between two given homogeneous
prime ideals
It is well known that if p ⊂ q are prime ideals in a Noetherian ring such that
ht(q/p)= 2, then there are infinitely many prime ideals between p and q . The main result
in this section, Theorem 3.10, shows that the analogous result concerning homogeneous
prime ideals in a Z-graded Noetherian ring fails to hold in some important cases. In fact,
Theorem 3.10 characterizes when there exist infinitely many homogeneous prime ideals
between two given homogeneous prime ideals P ⊂Q such that ht(Q/P) = 2. The proof
of this result is more difficult than one might expect, since one of the main tools used to
prove the corresponding nonhomogeneous result does not apply in the homogeneous case.
The alluded to result is: if an ideal I is not contained in any of the prime ideals P1, . . . ,Pk ,
then there exists x ∈ I − (P1 ∪ · · · ∪ Pk). In the case when I is homogeneous, it may
well happen that all homogeneous elements in I are in P1 ∪ · · · ∪ Pk even though I is not
contained in any of the Pi (see (3.12.1) and Example 4.9); it is this phenomenon that makes
the proof of Theorem 3.10 somewhat challenging.
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Notation 3.1.
(3.1.1) If A is a Z-graded ring such that Ai = {0} for all i < 0 (respectively i > 0), then it
will be said that A is P-graded (respectively N-graded).
(3.1.2) If I is a (not necessarily proper) homogeneous ideal in a graded ring A, then h0(I)
(respectively h+(I), h−(I)) denotes the set of all homogeneous elements (including 0)
in I of degree zero (respectively, positive degree, negative degree).
(3.1.3) If A is P-graded (respectively N-graded), then we use A+ (respectively A−) to
denote the ideal generated by the homogeneous elements of positive (respectively
negative) degree in A; that is, A+ = (h+(A))A (respectively A− = (h−(A))A) (see
(3.1.2)).
(3.1.4) If α,β are homogeneous elements in A, then it will be said that α,β have the same
homogeneous parity in case α and β are both of positive (or negative or zero) degree;
that is, they are both in h+(A) (or h−(A) or h0(A)).
Lemma 3.2. If A is a graded domain, and if there exists a nonzero homogeneous ideal I
in A such that h0(I)= {0}, then A is either P-graded or N-graded.
Proof. If not, we could find α ∈ h−(I) − {0} and β ∈ h+(I) − {0} leading to the
contradiction αjβ−k ∈ h0(I)− {0}, where j = degree(β) and k = degree(α). ✷
Note that Lemma 3.2 shows that if A is a graded Noetherian domain such that A0 is a
field, then either: (a) A is either P-graded or N-graded; or (b) A is Z-graded and (0) is the
only proper homogeneous ideal in A.
Lemma 3.3. Let R be a Noetherian domain, not a field, and let A be a Z-graded Noethe-
rian domain with A0 = R. If h−(A) = {0} = h+(A), then ht((h−(A), h+(A))A)> 1.
Proof. Suppose P is a height-one prime ideal in A such that (h−(A), h+(A))A ⊆ P . Let
p = P ∩R, so p = (0), by the hypothesis and Lemma 3.2.
Let B =AR−p, so B is a graded Noetherian domain with B0 =Rp , N = PB is a height-
one prime ideal that contains (h−(B), h+(B))B, and N ∩ Rp = pRp . It follows that N is
the largest homogeneous prime ideal in B, so N is the only nonzero homogeneous prime
ideal in B.
Since B is Noetherian, [Re3, Theorem 1.11] shows that B is finitely generated over
Rp and that there exist homogeneous elements β1, . . . , βs in h+(B) such that C =
Rp[β1, . . . , βs ] is a graded subring of B that contains all the homogeneous elements of
nonnegative degree in B.
Let k be the maximum of the degrees of the elements β1, . . . , βs . Then it follows that
C=Rp[B1, . . . ,Bk] (where Bi is the set of homogeneous elements of degree i in B). Since
C is graded, write C =∑i0 Ci . Then Ci = Bi for i  1 (by [Re3, Theorem 1.11]), and
it follows that CiC =∑(C1e1 · · ·Ckek )C for all positive integers i (by the choice of k),
where the sum is over all nonnegative integers ei such that e1 + 2e2 + · · · + kek = i .





e1 · · · Ikek , (3.3.1)
where the sum is over all nonnegative integers ei such that e1 + 2e2 + · · · + kek = i .
Therefore (2.2.2) shows that if we let I0 = C, then f = {Ii}i0 is an e.p.f. on C, so there
exists a positive integer h such that
Ihj = Ihj (3.3.2)
for all positive integers j , by (2.2.2).
Since C contains all homogeneous elements of nonnegative degree in B, it follows that
Bhk ⊆ Ihk, (3.3.3)
since Bhk ⊆ Ihk = Ihk (by (3.3.2)) for all positive integers k.
Since p = (0), fix a nonzero element b in pRp . Then bB is N -primary, since N is the
unique nonzero homogeneous prime ideal in B (and ht(N) = 1). Therefore there exists a
positive integer k such that Nk ⊆ bB. Then
Bhk ⊆ bB, (3.3.4)
since Bhk ⊆ IhkB (by (3.3.3)) ⊆Nk ⊆ bB.
Fix a homogeneous element α in Bhk . Then α ∈ bB (by (3.3.4)), so α = bγ1 for some
homogeneous element γ1 in B, and by considering degrees it follows that γ1 ∈ Bhk .
Therefore γ1 ∈ bB (by (3.3.4)), so γ1 = bγ2 for some homogeneous element γ2 ∈ Bhk .
Therefore α = bγ1 = b2γ2. Repeating this with γ2, etc., it follows that α ∈ bdB for
all positive integers d , hence α = (0) (since B is a Noetherian domain). Since α is an
arbitrary homogeneous element in Bhk , it follows that Bhk = (0). This clearly contradicts
the hypothesis that B is a Z-graded Noetherian domain that properly contains B0 = Rp .
Therefore ht((h−(A), h+(A))A) > 1. ✷
Before proving Theorem 3.10, we also need the following results concerning homo-
geneous parameters. These results help circumvent the problem (mentioned in the intro-
duction to this section) concerning the homogeneous elements in a homogeneous ideal
H being contained in a finite union of homogeneous prime ideals, even though H is not
contained in any of the prime ideals.
Proposition 3.4 [HIO, Lemma 10.7]. Let A be a graded Noetherian ring and let P1, . . . ,Pk
be homogeneous prime ideals of A such that h+(A)  Pi for i = 1, . . . , k. If I is an
arbitrary homogeneous ideal in A such that I  Pi for i = 1, . . . , k, then there exists a
homogeneous element α ∈ h+(I)− (P1 ∪ · · · ∪ Pk).
Proof. This is proved in [HIO, Lemma 10.7]. ✷
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holds. Let A be a graded Noetherian ring and let P1, . . . ,Pk be homogeneous prime
ideals of A such that h−(A)  Pi for i = 1, . . . , k. If I is an arbitrary homogeneous
ideal in A such that I  Pi for i = 1, . . . , k, then there exists a homogeneous element
α ∈ h−(I)− (P1 ∪ · · · ∪Pk).
Corollary 3.6. Let A be a graded Noetherian ring, let P be a homogeneous prime ideal
in A such that h+(A)  P , let H be a homogeneous ideal contained in P such that
1 ht(HAP )= h ht(P ), and let β1 be a homogeneous element in H that is not in any
minimal prime ideal contained in P . Then there exist homogeneous elements β2, . . . , βh
in h+(H) such that the following holds for i = 1, . . . , h and for each permutation π of
{1, . . . , h}: there is no prime ideal p ⊆ P of height i− 1 such that (βπ(1), . . . , βπ(i))A⊆ p
(equivalently, ht((βπ(1), . . . , βπ(i))AP )= i).
Proof. If h= 1, then there is nothing to prove, so it may be assumed that h > 1.
Let z1, . . . , ze be the minimal prime ideals in A that are contained in P and let
q1, . . . , qm be the minimal prime divisors of β1A that are contained in P . Then h+(A) zi
for i = 1, . . . , e and h+(A) qi for i = 1, . . . ,m (since h+(A) P , by hypothesis), so by
Proposition 3.4 there exists a homogeneous element β2 ∈ h+(H)− (q1∪ · · · ∪ qm ∪ z1 ∪
· · ·∪ze). Then β1 /∈ z1∪· · ·∪ze ; β2 /∈ z1∪· · ·∪ze ; and no height-one prime ideal contained
in P contains (β1, β2)A. Therefore the corollary holds when h= 2.
Assume that h > 2, 2  j < h, and that β1, β2, . . . , βj are homogeneous elements
in H such that, for i = 1, . . . , j and for each permutation π of {1, . . . , j }, there is no
prime ideal p ⊆ P of height i − 1 such that (βπ(1), . . . , βπ(i))A ⊆ p. Let p1, . . . , pg
be the (homogeneous) prime ideals contained in P that are a minimal prime divisor of
one of the ideals in {(βπ(1), . . . , βπ(i))A | i = 1, . . . , j and π is an arbitrary permutation
of {1, . . . , j }}. Then h+(A)  pk for k = 1, . . . , g (since h+(A)  P , by hypothesis).
Therefore by Proposition 3.4 there exists a homogeneous element βj+1 ∈ h+(H)− (p1 ∪
· · · ∪ pg ∪ z1 ∪ · · · ∪ ze). It follows that the corollary holds for h= j + 1, so the corollary
holds. ✷
Remark 3.7.
(3.7.1) Note that the degree of the element β1 in Corollary 3.6 may be negative, zero, or
positive. For example, if A = R[u, tI ] is the Rees ring of an ideal I and if u ∈ P and
tI  P , then u may be chosen for β1 (since u is a regular element in R).
(3.7.2) A proof similar to the proof of Corollary 3.6 shows that the following result
holds. Let A be a graded Noetherian ring, let P be a homogeneous prime ideal in
A such that h−(A)  P , let H be a homogeneous ideal contained in P such that
1  ht(HAP ) = h  ht(P ), and let β1 be a homogeneous element in H that is not
in any minimal prime ideal contained in P . Then there exist homogeneous elements
β2, . . . , βh in h−(H) such that the following holds for i = 1, . . . , h and for each
permutation π of {1, . . . , h}: there is no prime ideal p ⊆ P of height i − 1 such that
(βπ(1), . . . , βπ(i))A⊆ p (equivalently, ht((βπ(1), . . . , βπ(i))AP )= i).
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ideals in A such that ht(Q/P)= 2. Then there exist homogeneous elements α,β ∈Q such
that Q is a minimal prime divisor of (P,α,β)A.
Proof. It may clearly be assumed that P = (0), so A is a graded Noetherian domain and
Q is a height-two homogeneous prime ideal in A.
If h+(A)  Q, then Corollary 3.6 (with P = H = Q) shows that there exist
homogeneous elements α,β ∈ h+(Q) such that Q is a minimal prime divisor of (α,β)A.
Similarly, if h−(A)  Q, then (3.7.2) shows that there exist homogeneous elements
α,β ∈ h−(Q) such that Q is a minimal prime divisor of (α,β)A.
Therefore it may be assumed that (h−(A))A +(h+(A))A⊆Q.
If Q is a minimal prime divisor of (h+(A))A, then since h−(A) ⊆ Q and h−(A) 
h+(A), there exists a homogeneous element α ∈Q−h+(A). Let P1, . . . ,Pk be the minimal
prime divisors of αA that are contained in Q. Then since Q is a minimal prime divisor of
(h+(A))A and ht(Q) = 2, it follows from Proposition 3.4 (applied to I = Q) that there
exists a homogeneous element β ∈ h+(Q) − (P1 ∪ · · · ∪ Pk), so Q is a minimal prime
divisor of (α,β)A.
Similarly, if Q is a minimal prime divisor of (h−(A))A, then it follows from Remark 3.5
that there exist homogeneous elements α,β in Q such that Q is a minimal prime divisor
of (α,β)A.
Therefore it may be assumed that Q properly contains a prime divisor of (h−(A))A
and properly contains a prime divisor of (h+(A))A, say Q1, . . . ,Qg are the (height-one)
prime divisors of (h−(A))A that are contained in Q and P1, . . . ,Pk are the (height-
one) prime divisors of (h+(A))A that are contained in Q. By Lemma 3.3 the sets
{Q1, . . . ,Qg} and {P1, . . . ,Pk} are disjoint. Therefore there exists a homogeneous element
α ∈ h−(Q1 ∩ · · · ∩ Qg) − (P1 ∪ · · · ∪ Pk), by Remark 3.5. Let p1, . . . , ph be the
minimal prime divisors of αA that are contained in Q. Then the sets {p1, . . . , ph} and
{P1, . . . ,Pk} are disjoint, so Corollary 3.6 shows that there exists a homogeneous element
β ∈ h+(P1 ∩ · · · ∩ Pk)− (p1 ∪ · · · ∪ ph). It follows that Q is a minimal prime divisor of
(α,β)A. ✷
The next result sharpens Proposition 3.8, in the special case when ht(Q) = 2 and
Q∩A0 = (0). (Concerning “same homogeneous parity” in Lemma 3.9, see (3.1.4).)
Lemma 3.9. Let A be a graded Noetherian domain and assume that Q is a homogeneous
prime ideal of height two in A such that Q ∩ A0 = (0). Then there exist homogeneous
elements α,β in Q of the same homogeneous parity such that Q is a minimal prime divisor
of (α,β)A.
Proof. A is either P-graded or N-graded, by Lemma 3.2; by symmetry it may be
assumed that A is P-graded, so all nonzero homogeneous ideals in A are P-graded. In
particular, since Q is homogeneous of height two and lies over zero in A0 it follows that
ht(h+(A)) 2, so h+(A)  p for each homogeneous prime ideal p ⊂ Q. Therefore the
conclusion follows from Corollary 3.6. ✷
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one homogeneous prime ideals contained in the prime ideal Q of Lemma 3.9.
Theorem 3.10. Let A be a graded Noetherian ring and let P ⊂ Q be homogeneous prime
ideals in A such that ht(Q/P)= 2. There exist infinitely many homogeneous prime ideals
N in A such that P ⊂N ⊂Q if and only if there exist at least two homogeneous elements
α,β of the same homogeneous parity in Q such that Q is a minimal prime divisor of
(P,α,β)A.
Proof. By considering A/P , we may assume throughout that P = (0), so Q is a height-
two homogeneous prime ideal in the graded Noetherian domain A.
Assume first that Q is a minimal prime divisor of (α,β)A, where α,β are homogeneous
elements in Q of the same homogeneous parity. By symmetry we may assume that α,β
have positive degree.
Suppose that Q contains only finitely many height-one homogeneous prime ideals,
say P1, . . . ,Pk . Then h+(A) ⊇ h+(Q) ⊇ {α,β} and {α,β}  Pi for i = 1, . . . , k (since
Pi ⊂ Q and Q is a minimal prime divisor of (α,β)A). Therefore h+(A)  Pi for
i = 1, . . . , k, so Proposition 3.4 shows that there exists a homogeneous element γ in
h+(Q)− (P1 ∪ · · · ∪ Pk). But this implies that Q is a minimal prime divisor of γA, and
this contradicts the fact that ht(Q)= 2. It follows that there exist infinitely many height-one
homogeneous prime ideals contained in Q.
Conversely, by Proposition 3.8 there exist homogeneous elements α,β in Q such that
Q is a minimal prime divisor of (α,β)A. Assume that all such α,β must have different
homogeneous parity. If it is shown that this implies that there are only finitely many
height-one homogeneous prime ideals contained in Q, then it follows that the converse
part of the theorem holds. Therefore it remains to show that if all such α,β have different
homogeneous parity, then there exist only finitely many height-one homogeneous prime
ideals contained in Q.
For this, let α ∈ h+(Q) − {0} and let P1, . . . ,Pk be the height-one prime divisors
of αA that are contained in Q. If h+(A)  Pi for i = 1, . . . , k, then it follows from
Proposition 3.4 that there exists β ∈ h+(Q) − (P1 ∪ · · · ∪ Pk), and this contradicts the
assumption. Therefore h+(A)⊆ Pi ⊂Q for some i = 1, . . . , k.
Similarly, using Remark 3.5 it follows that h−(A)⊂Q.
Therefore it follows that Q = (h−(A), q,h+(A))A and that A/Q = A0/q , where
q =Q∩A0.
Now let N be a height-one homogeneous prime ideal contained in Q. Suppose that
h−(A)N and h+(A)N . Then B =A/N is a Z-graded Noetherian domain and Q/N
is a height-one homogeneous prime ideal in B such that (h−(B))B + (h+(B))B ⊆Q/N ,
and this contradicts Lemma 3.3.
It follows that every height-one homogeneous prime ideal contained in Q contains
either (h−(A))A or (h+(A))A. Therefore there are only finitely many such prime ideals,
and hence there exist only finitely many height-one homogeneous prime ideals contained
in Q. ✷
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let P ⊂ Q be homogeneous prime ideals in A such that ht(Q/P) = 2. Then there exist
infinitely many homogeneous prime ideals N in A such that P ⊂N ⊂Q. Moreover, if A is
an integral domain, then ht(Q)= ht(P )+ 2, so ht(Q)= ht(N)+ 1 for all such ideals N .
Proof. Since P and Q are homogeneous and ht(Q/P) = 2, Proposition 3.8 shows that
there exist homogeneous elements α,β in Q such that Q is a minimal prime divisor of
(P,α,β)A. Then Q is a minimal prime divisor of (P,αn,βn)A for all positive integers n,
so α,β must both have positive degree (since A0 is Artinian). Therefore the first conclusion
follows from Theorem 3.10.
For the second statement, A is a finitely generated integral domain over A0, by [Re3,
Theorem 1.11], and A0 is a field (since A0 is an Artinian domain), so every maximal chain
of prime ideals in AQ has length equal to ht(Q), by [N, (14.6)], hence ht(Q)= ht(P )+ 2,
so ht(Q)= ht(N)+ 1 for all prime ideals N between P and Q. ✷
Concerning the last statement in Corollary 3.11, in Section 4 we consider, in Rees rings,
when there exist infinitely many homogeneous prime ideals contained in Q with height one
less than ht(Q).
Remark 3.12.
(3.12.1) Let R be a Noetherian domain of altitude at least one, let p ⊂ q be prime ideals in
R such that ht(q/p)= 1, let A= R[X] (with X an indeterminate), let P = pA, and let
Q = (q,X)A. Then P ⊂Q are homogeneous prime ideals, ht(Q/P) = 2, and there
are only two homogeneous prime ideals properly between P and Q, namely, qA and
(p,X)A. (In this regard, note that every homogeneous element in Q is in one of the
two prime ideals qA and XA.)
(3.12.2) Let (R,M) be a local ring, let I ⊆ p be ideals in R such that altitude(R/I) =
altitude(R/p) = 1, let A = R(R, I) = R[u, tI ], and let P = pR[u, t] ∩ A and
Q = (MR[u, t] ∩ A, u)A. Then P are Q are homogeneous prime ideals such that
ht(Q/P) = 2 and there exist only two homogeneous prime ideals properly between
P and Q, namely, N1 = MR[u, t] ∩ A and N2 = (P,u)A (by (3.12.1), since
A/P ∼= (R/p)[X] and ht(M/p) = 1). (Note that if ht(M) > ht(p)+ 1, then ht(Q)=
ht(N1)+ 1 (by (2.5.3)) = ht(M)+ 1 > ht(p)+ 1 = ht(P )+ 1, so the height of Q can
be computed using a chain of homogeneous prime ideals through N1, but not with a
chain of homogeneous prime ideals through N2.)
Remark 3.13. In regard to the parenthetical part of (3.12.2), let h 2 be a positive integer.
Then there exists a P-graded Noetherian domain A with homogeneous prime ideals P ⊂Q
such that: ht(Q/P) = h; there exist infinitely many homogeneous prime ideals between
P and Q; and, ht(Q) cannot be computed using a chain of homogeneous prime ideals
through P .
Proof. Let (R,M) be the local domain in [N, Example 2, pp. 203–205] in the case r  1
and m = h (with r,m as in [N]). Then altitude(R) = r + h + 1 and there exist height-
one prime ideals p in R such that ht(M/p) = h (so the height of M cannot be computed
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that ht(Q/P)= ht(M/p) = h < ht(Q)= r + h+ 1. The conclusion clearly follows from
this. ✷
Remark 3.14. In regard to Remark 3.13, if A is a Rees ring, if P ⊂Q are homogeneous
prime ideals such that ht(Q/P)= 2, and if there exist infinitely many homogeneous prime
ideals between P and Q, then there exist infinitely many homogeneous prime ideals p ⊂Q
such that ht(p)= ht(Q)− 1.
Proof. This follows from the results in the next section, especially Theorem 4.8. ✷
4. On infinitely many homogeneous prime ideals P ⊂Q such that
ht(Q)= ht(P )+ 1
It is well known that if R is a Noetherian ring and Q ∈ Spec(R) has height at least two,
then there exist infinitely many p ∈ Spec(R) such that p ⊂Q and ht(p)= ht(Q)− 1. (We
do not know a specific reference for this result, but one way to verify it is to let z be a
minimal prime ideal in R such that z ⊂ Q and ht(Q/z) = ht(Q) = (say) h  2, and let
L = (R/z)(Q/z). If there exist only finitely many prime ideals p1, . . . , pk contained in L
of height h− 1, then altitude(L[1/b]) < altitude(L)− 1 = h− 1 for all nonzero elements
b ∈ p1 ∩ · · · ∩ pk , and this contradicts [R4, Proposition 2.3].)
The first result in this section shows that if A is a graded Noetherian ring and Q ∈
HSpec(A) has height at least two and is such that either h+(A)Q or h−(A)Q, then
there exist infinitely many p ∈ HSpec(A) such that p ⊂Q and ht(p) = ht(Q)− 1. Then
Theorem 4.8 characterizes when the analogous result holds for an arbitrary homogeneous
prime ideal (of height at least two) in an arbitrary (Noetherian) Rees ring.
Theorem 4.1. Let Q be a homogeneous prime ideal in a graded Noetherian ring A and
assume that ht(Q) 2. If either h+(A)Q or h−(A)Q, then there exist infinitely many
homogeneous prime ideals p ⊂Q such that ht(p)= ht(Q)− 1.
Proof. Let ht(Q)= h (so h 2).
Assume first that h+(A) P . Then Corollary 3.6 (with P =H =Q) shows that there
exist h ( 2) homogeneous elements βi in h+(Q) such that no prime ideal contained in Q
of height less than j contains any j of the elements β1, . . . , βh for j = 1, . . . , h. It follows
that there exists a (necessarily homogeneous) minimal prime divisor P of (β1, . . . , βh−2)R
such that: P ⊂ Q; ht(P ) = h − 2; ht(Q/P) = 2; and Q is a minimal prime divisor
of (P,βh−1, βh)R. (If h = 2, then P = (0).) Since βh−1, βh both have positive degree,
Theorem 3.10 shows that there exist infinitely many homogeneous prime ideals p between
P and Q. Since ht(P )= h− 2 and ht(Q)= h, it follows that each of these prime ideals p
has height h− 1.
Finally, if h−(A)  P , then a similar proof (using (3.7.2) in place of Corollary 3.6)
shows that the conclusion holds. ✷
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Theorem 4.1, assuming that A contains homogeneous elements of positive degree and
negative degree. This proof shows one use of (3.7.1).
Remark 4.2. With the notation of Theorem 4.1 assume that A is Z-graded and that
h+(A)Q. Let γ ∈Q ∩ h−(A) such that γ is not in any minimal prime ideal contained
in Q and let e be the degree of γ . Since h+(A)  Q, Corollary 3.6 and (3.7.1) (with
P =H =Q and β1 = γ ) show that there exist h− 1 ( 1) homogeneous elements βi (say
of degree di > 0) in h+(Q) such that no prime ideal contained in Q of height less than j
contains any j of the elements γ,β1, . . . , βh−1 for j = 1, . . . , h. Let K = (β2, . . . , βh−1)A,
so K is a homogeneous ideal that is contained in no prime ideal P ⊆ Q of height less
than h− 2 (K = (0), if h = 2), and Q is a minimal prime divisor of (K,γ,β1)A. Since
h+(A)Q, there exists δ ∈ h+(A) such that δ /∈Q. Let d be the degree of δ (so d > 0)
and for each positive integer n let αn = γ dδnd1−e+β1dn (so αn is a homogeneous element
of degree nd1d > 0 in Q), and let Hn =K + αnA (so Hn is a homogeneous ideal that is
not contained in any prime ideal p ⊆Q of height less than h− 2). Then these ideals Hn
yield infinitely many homogeneous prime ideals of height h− 1 contained in Q. (To see
this, if P is a prime ideal properly contained in Q that contains two of the ideals Hn (say
Hi and Hj ), then αi,αj ∈ P , so (assuming that i < j ) it follows that:
β1
d(j−i)αi − αj = βd(j−i)1
(
γ dδid1−e + β1di
)− γ dδjd1−e − β1dj
= βd(j−i)1 γ dδid1−e + βd(j−i)1 β1di − γ dδjd1−e − β1dj
= βd(j−i)1 γ dδid1−e − γ dδjd1−e = γ dδid1−e
(
β1
d(j−i) − δ(j−i)d1) ∈ P.
Therefore either γ , δ, or (β1d(j−i) − δ(j−i)d1) ∈ P . However, no prime ideal contained in
Q contains δ, so β1d(j−i) − δ(j−i)d1 /∈ P (since β1 ∈Q and P ⊂ Q). Therefore γ ∈ P ,
so it follows that (K,αi, γ )A ⊆ P , hence (K,γ,β1)A ⊆ P , and this contradicts the fact
that P ⊂Q and Q is a minimal prime divisor of (K,γ,β1)A. Therefore no prime ideal
P ⊂ Q can contain two of the ideals Hn. Since each of the ideals Hn has at least one
minimal prime divisor contained in Q, it follows that there are infinitely many distinct
homogeneous prime ideals contained in Q that contain exactly one of the ideals Hn. Then,
since K has only finitely many minimal prime divisors (each of height at most h− 2, by
the Generalized Principal Ideal theorem) that are contained in Q, it follows that there are
infinitely many height-(h− 1) homogeneous prime ideals contained in Q.)
In Theorem 4.8 we characterize when a given homogeneous prime ideal Q (of height
h 2) in an arbitrary Noetherian Rees ring contains infinitely many homogeneous prime
ideals of height h−1. (We think this result should hold for all graded Noetherian rings, but
have not been able to prove it.) Our proof of this theorem is quite long, but it breaks down
into manageable pieces. It turns out that there is one rather unexpected exceptional case,
namely, there may be only finitely many height-two homogeneous prime ideals contained
in the unique maximal height-three homogeneous prime ideal (u,M, tI)R[u, tI ], where
R is an altitude two local ring with maximal ideal M; this holds, for example, when
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R (see Example 4.9).
We first prove two more facts concerning Rees rings that will be useful in the proof of
Theorem 4.8.
Remark 4.3. Let I be an ideal in a Noetherian ring R, let B be a reduction of I , let
R=R(R, I)=R[u, tI ], and let A =R(R,B)=R[u, tB]. Then the following hold:
(4.3.1) A is a graded subring of R and R is a finite A-module.
(4.3.2) If R is local with maximal ideal M and if ht(M) = h − 1 > 1, then there exist
infinitely many homogeneous prime ideals Q of height h − 1 contained in M =
(u,M, tI)R if and only if there exist infinitely many homogeneous prime ideals q
of height h− 1 contained in (u,M, tB)A.
Proof. For (4.3.1), each generator x of I satisfies an equation of the form xn + r1xn−1 +
· · · + rn = 0, where ri ∈ Bi for i = 1, . . . , n. Then (xt)n + r1t (xt)n−1 + · · · + rntn = 0 is
an equation of integral dependence of xt over A. Therefore each generator of R satisfies
an equation of integral dependence over A, and R is finitely generated over A (since it is
finitely generated over R), so R is a finite A-module.
For (4.3.2), assume first that there exist infinitely many homogeneous prime ideals Q
of height h− 1 contained in M. Now ht(M)= h= ht(u,M, tB)A, by (2.5.3), and Q⊂M
(the unique maximal homogeneous ideal in R). Also, Q∩A is a homogeneous prime ideal
(by (4.3.1)), so it follows from integral dependence that ht(Q∩ A)= h− 1. Further, only
finitely many prime ideals in R lie over the same prime ideal in A, by (4.3.1), so there exist
infinitely many homogeneous prime ideals q of height h− 1 contained in (u,M, tB)A.
For the converse, assume that there exist infinitely many homogeneous prime ideals
q of height h − 1 contained in (u,M, tB)A. Then since ht((u,M, tB)A) = ht(M) = h,
it follows from (4.3.1) that if q is a homogeneous prime ideal in R(R,B) and if Q is
a minimal prime divisor of qR, then Q is homogeneous and at least one such Q has
the same height as q and lies over q . It therefore follows that there exist infinitely many
homogeneous prime ideals Q of height h− 1 contained in M. ✷
To help shorten the proof of Theorem 4.8 we next consider some special cases of the
theorem. The first of these, Proposition 4.4, handles the case when I is nilpotent.
Proposition 4.4. Let I be a nilpotent ideal in a Noetherian ring R, let R = R(R, I), and
let Q be a homogeneous prime ideal of height h  2 in R. Then there exist only finitely
many homogeneous prime ideals of height h− 1 contained in Q if and only if h= 2 and
Q= (u,Q∩R, tI)R.
Proof. Since I is nilpotent, HSpec(R) ∼= HSpec(R(R, (0))), by Lemma 2.3, and
R(R, (0))=R[u] is a polynomial ring in one variable over R. Since Q is homogeneous,
let Q′ (= Q ∩ R(R, (0))) be the ideal in HSpec(R(R, (0))) corresponding to Q (so
ht(Q′) = ht(Q) = h  2). Then it suffices to show that there exist only finitely many
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Q′ = (u,Q′ ∩R)R[u].
For this, the homogeneous prime ideals in R are the ideals qR and (q,u)R with q a
prime ideal in R. If u /∈Q′, then Q′ = (Q′ ∩ R)R[u] and ht(Q′ ∩ R) = ht(Q′) = h  2,
so there exist infinitely many height-(h− 1) prime ideals p in R such that p ⊂Q′ ∩ R,
and then the infinitely many ideals pR[u] are homogeneous prime ideals of height h− 1
contained in Q′, as desired.
On the other hand, if u ∈ Q′, then Q′ = (Q′ ∩ R,u)R[u]. Also, ht(Q′ ∩ R) =
ht(Q′)− 1 = h− 1 1. If h− 1 > 1, then there are infinitely many height-(h− 2) prime
ideals p ⊂Q′ ∩R, so the infinitely many ideals (p,u)R[u] are homogeneous prime ideals
of height h− 1 contained in Q′, as desired. However, if h − 1 = 1, then ht(Q′) = 2 and
the only height-one homogeneous prime ideals contained in Q′ are Q′ ∩ R and uR[u], so
there exist only finitely many homogeneous prime ideals of height 1 (= h− 1) contained
in Q′ when h= 2 and Q′ = (u,Q′ ∩R)R[u]. ✷
The hardest homogeneous prime ideals Q in R[u, tI ] to handle in Theorem 4.8 are the
ideals Q that contain (u, tI )R[u, tI ] (and, by Theorem 4.1, they are the only prime ideals
that must be considered). The next two results concern such prime ideals.
Proposition 4.5. Let I be an ideal in a local ring (R,M), let altitude(R) = h − 1  2,
let R = R(R, I), and let M = (u,M, tI)R. Then there exist infinitely many irrelevant
homogeneous prime ideals of height h − 1 contained in M if and only if I is contained
in infinitely many prime ideals of height h− 2 in R.
Proof. Note first that it follows from (2.5.4) that there exists a one-to-one correspondence
between the irrelevant homogeneous prime ideals Q in R such that uR ⊆ Q (so
(u, tI )R ⊆Q) and the prime ideals q in R such that I ⊆ q ; namely, given Q, I =
uR∩R ⊆ q = Q ∩ R and Q = (u, q, tI )R = (u, q∗)R (by (2.5.4)); and, given q , let
Q= (u, q∗)R, so (2.5.4) shows that Q= (u, q, tI )R (so Q is an irrelevant homogeneous
prime ideal containing uR). (Note that R/Q = R/q .) Also, in this correspondence,
ht(Q)= ht(q)+ 1, by (2.5.4).
With this in mind, let Q be an irrelevant homogeneous prime ideal in R such that
ht(Q)= h− 1. If u /∈Q, then (2.5.4) shows that Q = (Q ∩ R)∗ and ht(Q ∩ R) = ht(Q)
(= h − 1 = ht(M)), so Q ∩ R = M and Q = M∗. (Therefore there is only one such
prime ideal Q in case u /∈ Q.) On the other hand, if u ∈ Q, then (2.5.4) shows that
Q= (u,Q∩R, tI)R and ht(Q∩R)= ht(Q)−1 = h−2. It follows from this (and the one-
to-one correspondence noted in the preceding paragraph) that there exist infinitely many
irrelevant homogeneous prime ideals of height h − 1 contained in M if and only if I is
contained in infinitely many prime ideals of height h− 2 in R. ✷
The next result is used to handle the two exceptional cases (a) and (b) of Theorem 4.8.
For both (4.6.1) and (4.6.2), note that ht(M)= h, by (2.5.4). Also, a(I) denotes the analytic
spread of I , so a(I)= altitude(R(R, I)/(u,M)R(R, I)).
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R=R(R, I), and let M = (u,M, tI)R. Then:
(4.6.1) If a(I)= 0, then there are only finitely many homogeneous prime ideals of height
h− 1 contained in M if and only if h= 2.
(4.6.2) If a(I)= 1, then there are only finitely many homogeneous prime ideals of height
h − 1 contained in M if and only if either: h − 1 = 1; or h − 1 = 2 and I is not
contained in any minimal prime ideal z in R of depth 2.
Proof. For (4.6.1), if a(I) = 0, then I is nilpotent, so the conclusion follows from
Proposition 4.4 (since M = (u,M, tI)R).
For (4.6.2), assume first that h − 1 = 1, so ht(M) = 1. Fix a height-one (= h − 1)
homogeneous prime ideal Q in R. If R is a domain, then Q ∩ R =M , by Lemma 3.2.
Therefore Q is a minimal prime divisor of MR, so there are only finitely many such
ideals Q.
On the other hand, if R is not an integral domain, then there exists a one-to-one
correspondence between the minimal prime ideals z in R and the minimal prime ideals
z∗ in R (given by z∗ = zR[u, t]∩R and z= z∗ ∩R). With this in mind, let z∗ be a minimal
prime ideal contained in Q and let z = z∗ ∩ R. Then R = R/z∗ ∼= R(R/z, (I + z)/z), by
(2.5.5), and either (a) I ⊆ z or (b) I  z. If (a) holds, then tI ⊆ z∗, so R = (R/z)[u],
so Q/z∗ ∈ {(M/z)R, uR}, so Q ∈ {(z∗,M)R, (z∗, u)R}, so there are only finitely many
such ideals Q (since there are only finitely many z∗). If (b) holds, then a((I + z)/z)= 1
(= altitude(R/z)) and R/z is a domain, so it follows from the preceding paragraph that
there are only finitely many such ideals Q. Therefore by cases (a) and (b) there are only
finitely many such ideals Q. Thus it may be assumed that h− 1> 1.
For each positive integer n, In has analytic spread one, and there exists a positive integer
n such that In has a principal minimal reduction bR (since a(I) = 1 (see [NR])). Then
HSpec(R(R, I))∼= HSpec(R(R, In)), by Lemma 2.3, so it may be assumed to begin with
that I has a principal reduction bR. Then it follows from (4.3.2) that it may be assumed
that I = bR (so R=R[u,bt] and M = (u,M,bt)R).
Assume first that b is a regular nonunit. If h − 1  3, then b is in infinitely many
height-(h− 2) prime ideals in R, so Proposition 4.5 shows that there are infinitely many
homogeneous prime ideals of height h− 1 contained in M. Therefore it may be assumed
that h− 1 = 2.
Since b is regular, it follows that b,u is a prime sequence in R[u], so let L =
R[u](u,M)R[u] and A = L[b/u]. Then [R2, Lemma 2.3] shows that (u,M)A is a prime
ideal of height equal to ht((u,M)R[u])− 1 = h − 1 and that the (u,M)A residue class
of b/u is transcendental over L/(u,M)L= R/M . Since R = R[u,bt] = R[u][b/u], [R2,
Lemma 4.2] shows that: (u,M)R is a prime ideal of height h−1; depth((u,M)R)= 1; and
the (u,M)R-residue class of bt is transcendental over R/M . Since every maximal relevant
(homogeneous) prime ideal in R contains (u,M)R (by (2.5.3)), it follows that (u,M)R is
the unique maximal relevant prime ideal in R.
On the other hand, if Q is an irrelevant homogeneous prime ideal of height 2 (= h− 1)
in R, then bt ∈Q. If u /∈Q, then (2.5.4) shows that Q = (Q ∩ R,bt)R = (Q ∩ R)∗. But
ht(M)= 2 = ht(Q), and ht(Q)= ht((Q∩R)∗)= ht(Q∩R), by (2.5.4), so it follows that
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(u,Q ∩ R,bt)R = Q (by (2.5.4)). Therefore Q ∩ R = M (since ht(M) = 2 = ht(Q)
and ht(u,M,bt)R = 3), so Q ∩ R is a minimal prime divisor of bR, so there are only
finitely many such ideals Q∩R. Since Q= (u, (Q∩R)∗)R, it follows that there are only
finitely many such ideals Q. Therefore there are only finitely many height-2 irrelevant
homogeneous prime ideals contained in M, hence (from the preceding paragraph) there
are only finitely many height-2 homogeneous prime ideals contained in M. Therefore it
remains to consider the case when b is a zero divisor and h− 1 > 1.
For this, if b is in some minimal prime ideal z in R of depth h− 1, then b is in infinitely
many height-(h− 2) prime ideals in R, so Proposition 4.5 shows that there are infinitely
many height-(h− 1) homogeneous prime ideals contained in M. And, if b is in no prime
ideal z of depth h − 1 in R, then (b + z)/z is a regular nonunit in R/z for all such
ideals z. Therefore, since R/z∗ ∼= R(R/z, (bR + z)/z), by (2.5.5), it follows from what
has already been shown that there exist only finitely many height-(h− 1) homogeneous
prime ideals contained in M/z∗ if and only if h− 1= 2. Since there are only finitely many
such prime ideals z (of depth h− 1), and since each homogeneous prime ideal of height
h − 1 in R must contain some minimal prime ideal z∗ of depth h (so depth(z) = h − 1
(since altitude(R/z∗) = altitude(R/z) + 1, by (2.5.5))), it follows that there exist only
finitely many height-(h − 1) homogeneous prime ideals contained in M if and only if
h− 1 = 2. ✷
For Proposition 4.7, recall that a local ring (R,M) is quasi-unmixed in case every
minimal prime ideal in the M-adic completion R# of R has depth equal to altitude(R).
It is shown in [R2, Theorem 3.8] that if R is quasi-unmixed and if I is an ideal in R, then
each maximal relevant prime ideal in R(R, I) has height equal to altitude(R).
Proposition 4.7. Let I be an ideal in a quasi-unmixed local domain (R,M), altitude(R)=
h− 1  2, R = R(R, I), and let M = (u,M, tI)R. If a(I) > 1, then there exist infinitely
many maximal relevant prime ideals of height h− 1 contained in M.
Proof. The definition of a(I) shows that a(I) = depth((u,M)R), and [R3, (3.7)] shows
that depth((u,M)R)= ht(M/(u,M)R).
Now R/(u,M)R is a finitely generated graded Noetherian ring over the field R/M , so
if a(I) > 1, then Corollary 3.11 shows that there exist infinitely many homogeneous prime
ideals of height a(I) − 1 contained in M/(u,M)R. It is clear that each of these prime
ideals lifts back in R to a maximal relevant prime ideal, and each of these homogeneous
prime ideals has height h− 1 by the comment preceding this proposition. ✷
We can now prove the main theorem in this section. This theorem shows that almost
all homogeneous prime ideals Q of height h 2 in a Rees ring R[u, tI ] contain infinitely
many homogeneous prime ideals of height h − 1 (where R is Noetherian and I is an
arbitrary ideal in R). (The reason for restricting to homogeneous prime ideals of height
h  2 is, if h = 1, then Q contains only finitely many prime ideals (the minimal prime
ideals in R[u, tI ] that are contained in Q, and, of course, each is homogeneous), and if
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h− 1 contained in Q, by [HIO, (9.1)].)
For Theorem 4.8, if f = {Ii}i0 is an e.p.f. on a local ring R, then the analytic spread
a(f ) of f is defined to be the analytic spread a(Im) of Im, where m is a positive integer
such that Im+i = ImIi for all integers i m (see (2.2.1)).
Theorem 4.8. Let f = {Ii}i0 be an e.p.f. on a Noetherian ring R, let R = R(R,f ), let
Q be a homogeneous prime ideal in R, and assume that ht(Q)= h  2. Then there exist
infinitely many homogeneous prime ideals p of height h− 1 contained in Q except in the
following two cases (where there are only finitely many height-(h−1) homogeneous prime
ideals contained in Q): (u, tI1, t2I2, . . .)R ⊆Q and either (a) h= 2 (so ht(Q∩R)= 1) or
(b) h= 3 (so ht(Q ∩ R) = 2), a(fRQ∩R)= 1, and fRQ∩R is contained in no (minimal)
prime ideal of RQ∩R of depth 2.
Proof. Note first that R is Noetherian, by (2.2.1). With this and Theorem 4.1 in mind, it
suffices to consider the case when (u, tI1, t2I2, . . .)R ⊆Q.
For this case, by (2.2.1) let m be a positive integer such that Im+i = ImIi for all
integers i  m, so Imi = I im for all positive integers i . Then by Lemma 2.3 HSpec(R) ∼=
HSpec(R[u, tIm]), so it suffices to prove the theorem where f = {I i}i0 (so R =
R[u, tI ]), where I = Im is an ideal in R.
Let q = Q ∩ R and q∗ = qR[u, t] ∩ R. Since (u, tI )R ⊆ Q, (2.5.4) shows that
Q= (q∗, u)R= (u, q, tI )R, and ht(q)= h− 1 (by (2.5.4)). By (2.5.2) there are infinitely
many homogeneous prime ideals of height h− 1 contained in Q if and only if there are
infinitely many homogeneous prime ideals of height h− 1 contained in QRR−q , so it may
be assumed that R = Rq is local with maximal ideal M = qRq . Let M = (u,M, tI)R, so
ht(M)= ht(M)− 1 (= h− 1).
The two exceptional cases, (a) and (b), of the theorem both pertain to M, so we first
consider them. Case (a) follows immediately from (4.6.1) and (4.6.2), and case (b) follows
immediately from (4.6.2).
Therefore it may be assumed that h  3 and that, if h = 3, then either: (i) a(I) > 1
(since h  3, the case a(I) = 0 was handled in (4.6.1)); or (ii) I ⊆ z for some minimal
prime ideal z of depth 2. And it must be shown that in these cases there exist infinitely
many height-(h− 1) homogeneous prime ideals contained in M.
If (ii) holds, then ht(M) = h − 1 = 2, so I is contained in infinitely many height-one
(= h− 2) prime ideals in R, hence the conclusion follows from Proposition 4.5.
For the remaining two cases (h = 3 and a(I) = 2; h  4) we first consider the ring
S = R(R#, IR#), where (R#,M#) is the M-adic completion of R. It is clear that R is a
graded subring of S and that R/(u,M)R = S/(u,M#)S. Also, a(IR#) = a(I), and there
exists a one-to-one correspondence between the prime ideals N in R that contain (u,M)R
and the prime ideals N ′ in S that contain (u,M#)S given by N ′ = NS and N = N ′ ∩ R,
by [R2, Lemma 3.2], so N is homogeneous if and only if N ′ is homogeneous. Also,
ht(N)= ht(N ′) and ht(M/N) = ht((u,M#, tI )S/N ′), by [R2, Lemma 3.2]; in particular,
h = ht(M) = ht((u,M#, tI )S). Further, R#/z is quasi-unmixed for all minimal prime
ideals z in R#.
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ideal z in R# such that a((IR# + z)/z) = 2, by [R6, (4.2)]. Then ht(M#) = 2, since
h= 3, so depth(z)= ht(M#). Also, Proposition 4.7 shows that there exist infinitely many
maximal relevant prime ideals of height-2 (= h− 1) contained in R(R#/z, (IR# + z)/z),
and R(R#/z, (IR# + z)/z)∼= S/z∗, by (2.5.5). Therefore lifting these prime ideals back to
S shows (since depth(z)= 2) that there are infinitely many maximal relevant prime ideals
Q′ of height 2 in S. Since (u,M#)S is contained in each of these ideals Q′, by (2.5.3), it
follows from the preceding paragraph that each such Q′ is equal to (Q′ ∩R)S and that each
Q′ ∩R is a maximal relevant prime ideal of height two in R. Therefore there exist infinitely
many homogeneous prime ideals of height h − 1 (= 2) contained in M when h = 3 and
a(I)= 2.
Finally, assume that h  4. If a(I) = 1, then the conclusion follows from (4.6.2). If
a(I) > 1, then a((IR# + z)/z) > 1 for some minimal prime ideal z in R#, by [R6, (3.2)].
If depth(z) = altitude(R#) (= h − 1), then the conclusion follows as in the preceding
paragraph. Therefore it may be assumed that a((IR# + z)/z)  1 for all prime ideals
z of depth h − 1 in R#. Therefore, if z is a depth-(h − 1) prime ideal in R#, then
ht((IR# + z)/z)  1 (since ht(J )  a(J ) holds for all ideals J in all local rings) and
ht((IR# + z)/z)+ depth((IR# + z)/z)= h− 1. It therefore follows that ht(IR#) 1 and
ht(IR#)+ depth(IR#)= h− 1, hence ht(I) 1 and ht(I)+ depth(I)= h− 1. Therefore
I is contained in infinitely many height-(h− 2) ( 2) prime ideals in R, so the conclusion
follows from Proposition 4.5. ✷
The following is a specific example of the exceptional case (b) of Theorem 4.8 and also
an example of where there are only finitely many homogeneous prime ideals between the
homogeneous prime ideals P and Q of Theorem 3.10. It shows that there are infinitely
many height-one homogeneous prime ideals contained in M = (u,M,bt)R[u,bt] (which
has height three), but there are only three height-two homogeneous prime ideals contained
in M.
Example 4.9. LetR be a regular local ring of altitude two with maximal ideal M = (b, c)R,
let R = R(R,bR), let P = (0), and let Q = (u,M,bt)R = (u, c, bt)R (= (MR[u, t] ∩
R, u)R), so Q is a height-three homogeneous prime ideal. Then every homogeneous
element in Q is in uR ∪MR ∪ btR, uR and btR are height-one homogeneous prime
ideals, and MR is the intersection of the two height-two homogeneous prime ideals
N1 = (u,M)R = (u, c)R and N2 = MR[u, t] ∩ R = (M,bt)R = (c, bt)R. Therefore,
since the degrees of the generators u, c, bt of Q are −1,0,1, respectively, it follows
from Theorem 3.10 that there are only finitely many height-two homogeneous prime
ideals contained in Q that contain a given height-one homogeneous prime ideal in R
that is contained in Q. In fact, there are only three height-two homogeneous prime
ideals contained in Q (namely, N1, N2, and N3 = (u, bt)R). (Also, every height-one
homogeneous prime ideal p in R that is not in {uR, btR} is contained in MR. For, if
p /∈ {uR, btR} is a height-one homogeneous prime ideal in R, then u /∈ p, so: (a) p =
(p ∩ R)R[u, t] ∩ R; and (b) p ∩ R is a height-one principal prime ideal (since R is a
regular local ring), say p ∩ R = πR. (Note that b /∈ p ∩ R, since bt /∈ p = (p ∩ R)∗,
so π,b is an R-sequence.) Then by (a) it follows that p =∑∞n=−∞(πR ∩ bnR)tn (with
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p =∑∞n=−∞(bnπR)tn = πR⊂MR.)
The following corollary of Theorem 4.8 is related to Remark 3.13.
Corollary 4.10. Let I be an ideal in a Noetherian ring R, let R=R(R, I), and let P ⊂Q
be homogeneous prime ideals in R such that ht(Q/P) = 2. If there exist infinitely many
homogeneous prime ideals between P andQ, then there exist infinitely many homogeneous
prime ideals p⊂Q such that ht(p)= ht(Q)− 1. Moreover, infinitely many of these ideals
p contain P if and only if ht(P )= ht(Q)− 2.
Proof. The proof of the two exceptional cases in Theorem 4.8 shows that if there are only
finitely many homogeneous prime ideals contained in Q of height equal to ht(Q)− 1, then
there are only finitely many homogeneous prime ideals p ⊂Q such that ht(Q/p)= 1. The
first statement in this corollary clearly follows from this.
For the last statement, it is known that if P is a prime ideal in a local ring R, then
there are at most finitely many prime ideals q in R such that: P ⊂ q ; ht(q/P ) = 1; and
ht(q) > ht(P ) + 1. (For example, [R1, Lemma 2.15] shows that this holds when R is
complete, so the noncomplete case follows by passing to the completion and then using
[R1, Lemma 2.15] and [N, (22.9)].) The second statement in this corollary readily follows
from this result by localizing to RQ. ✷
For Example 4.11, recall that a local ring (R,M) is an H -ring in case ht(p) +
depth(p) = altitude(R) for all height-one prime ideals p in R. (Concerning H-rings, see
[R4].) In Example 4.11 we use non-H-domains to give examples of Rees rings that have
only finitely many maximal relevant (respectively irrelevant) prime ideals of height equal
to altitude(R).
Example 4.11. Let (R,M) be a local domain of altitude h − 1 and assume that R is
not an H-domain. Then: (a) if h − 1  3, then there exists an ideal I in R such that
(u,M, tI)R[u, tI ] contains infinitely many homogeneous prime ideals of height h − 1,
but only finitely many maximal relevant prime ideals of height h− 1; and (b) if h− 1 = 3,
then there exists an ideal J in R such that (u,M, tJ )R[u, tJ ] contains infinitely many
homogeneous prime ideals of height h− 1, but only finitely many irrelevant prime ideals
of height h− 1.
Proof. For (a), since R is not an H-ring, it is shown in [R4, last paragraph on p. 4] that
there exist elements b, c in M such that c/b and b/c are not in the Jacobson radical of
the integral closure of R and such that there are at most finitely many maximal ideals of
height h−1 in A=R[c/b] and B =R[b/c]. Let I = (b, c)R and note that A[bt,1/(bt)] =
R[1/(bt)] and B[ct,1/(ct)] = R[1/(ct)], where R = R[u, tI ]). Then it is shown in [R2,
Remark 3.11] that if N is a maximal relevant ideal in R, then either: P = NR[1/bt] ∩A
is a maximal ideal in A such that N = PA[bt,1/(bt)] ∩R (if bt /∈ N ), so ht(N)= ht(P );
or, Q = NR[1/ct] ∩ B is a maximal ideal in B such that N = QB[ct,1/(ct)] ∩ R (if
ct /∈ N ), so ht(N) = ht(Q). Therefore it follows that there exist at most finitely many
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shows that there are infinitely many homogeneous prime ideals of height h− 1 contained
in (u,M, tI)R[u, tI ].
For (b), assume that h − 1 = 3 and let J be a height-one prime ideal in R such that
depth(J )= 1. Then J is contained in only one prime ideal in R of height one (= h− 3),
so it follows from Proposition 4.5 that there are at most finitely many height-(h − 1)
irrelevant prime ideals in R. (Actually, the only height-two irrelevant prime ideals in R
are the ideals M∗ and (u, J ∗)R.) And it follows from Theorem 4.8 that there are infinitely
many homogeneous prime ideals of height h− 1 contained in (u,M, tJ )R[u, tJ ]. ✷
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